

METHODS FOR OPTIMIZING MAGNETIC RESONANCE IMAGING SYSTEMS 

This invention relates to methods for designing electromagnetic coil arrangements 
that generate uniform magnetic fields, and in particular for optimizing electromagnetic coil 
arrangements for magnetic resonance imaging (MRI) systems. 



Electromagnets with axially symmetric coil arrangements are commonly used for the 
generation of uniform magnetic fields. By "uniform field" is meant a magnetic field whose 
intensity over a desired region does not vary more than 100 parts per million (ppm). An 
important application nowadays is the medical use of MRI where the desired region is often 
referred to as the imaging region. MRI of a human body or body part requires large magnets. 
The magnets may be composed of superconductive materials or of resistive materials. A 
natural design criterion is that the volume of the coils be as small as possible, consistent with 
a set of prescribed constraints, since the volume of the coils often correlates closely with a 
magnet's weight, cost, and power consumption. This is especially important for 
superconducting magnets since their cost depends strongly on the amount of superconducting 
wire required, and the necessity for artificial cooling of the magnet coils down to the critical 
temperature at which superconducting behaviour is achieved. 

Many difficulties are encountered in such a magnet design problem, and many 
solutions have been proposed. The various proposed solutions exhibit one or more 
disadvantages. For example, the problem of volume minimization of electromagnetic coil 
systems has been considered previously by Kitamura [1] and by Xu [2]. The numbers in 
square brackets are references to published papers that are identified in Appendix B annexed 
herewith. The contents of each of those publications are incorporated herein by reference. 
For simplicity, when discussion of a particular reference is needed or desirable, it may be 
identified by the name of the lead author or as, for example, Ref 1, which will be understood 
to mean the Kitamura paper, or Ref. 2, which will be understood to mean the Xu paper, and 
so on. The reader is urged to review Ref 1 and Ref. 2 for a more complete discussion of the 
various known methods and their pros and cons and for a more complete understanding of 
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the methods described herein. While the methods disclosed by Refs. 1 and 2 have benefits, 
they also have requirements that are undesirable. For example, the method of Ref. 1 assumes 
unidirectional currents in the coils, while the method of Ref. 2 requires that the 
length-to-width ratio of the coils be specified. Therefore, neither approach determines, in 
general, the minimum volume solution, as is defined in this invention. It is also noted that a 
variety of procedures for optimizing electromagnets have been described that utilize criteria 
other than coil volume minimization; for a review of these the reader is referred to Ref. 2. 

IB SUMMARY OF THE INVENTION 

An object of the invention is a new computer-implemented method for designing 
electromagnetic coil arrangements that generate uniform magnetic fields. 

Another object of the invention is a computer-implemented method for designing 
electromagnetic coil arrangements that generate uniform magnetic fields, which method will 
accurately and efficiently determine an arrangement that minimizes the volume of the coils. 

Yet another object of the invention is a computer-implemented method for designing 
electromagnetic coil arrangements that generate uniform magnetic fields, which method will 
minimize the power consumption of resistive coils. 

A further object of the invention is a computer-implemented method for designing 
electromagnetic coil arrangements that generate uniform magnetic fields, which method 
guarantees will always find a global minimum. 

In accordance with one aspect of the present invention, a practical numerical method 
is described of precisely determining, jn many cases, minimum volume coil arrangements. An 
important advantage of the method is that the solutions it generates are guaranteed to be 
global, rather than merely local, minimums. 

The method requires that four basic assumptions be made. First, the coils have a 
given current density that is the same for all the coils and homogeneous throughout each coil. 
This condition means that the coils may be connected in series with a uniform wire size and 
turn density. Second, the coils are restricted to lie within a specified domain (the feasible 
volume), which may be chosen freely in order to satisfy any desired access demands and size 
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limitations. Third, the magnetic field depends linearly on the current density. Hence, the 
method does not apply to magnets containing material with nonlinear magnetic properties. 
Fourth, the characteristics of the field, such as its magnitude and uniformity, may be fixed by 
imposing on the field a set of linear inequality constraints. 

The number of coils and their cross-sectional shapes are determined by the method 
rather than being given a priori. The coils of a true minimum volume solution will usually 
have nonrectangular cross sections. In accordance with another aspect of the invention, in 
order to obtain arrangements with only rectangular coils, which are easier to implement, an 
auxiliary condition may be imposed on the current density. This leads to solutions that 
closely approximate the true minimum volume solution. 

As with those of Refs. 1 and 2, the method described here employs linear 
programming (LP) computation using a computer. However, a straightforward application 
of linear programming may not, by itself, be a practical approach for accurately calculating 
minimum volume coil arrangements. The reason for this is that the memory requirements and 
computational time for a linear programming computation increase rapidly as one increases 
the number of numerical grid points used to represent the feasible volume. See the discussion 
in Ref. 2. To circumvent this problem, I first use linear programming with a sparse grid to 
obtain a coarse-grained solution. This solution is then refined by numerically solving with a 
computer a set of nonlinear equations. The solving of these equations on a dense grid is 
feasible, because the memory requirements and computational time increase only linearly with 
the number of grid points. 

The method of the invention is useful for designing both superconducting and 
resistive electromagnets. While minimizing the coil volume is often of central importance for 
large superconducting magnets, for large resistive magnets, minimization of the power 
consumption is typically a primary design goal. For a given current density, the minimum 
power and minimum volume coil arrangements are the same. By computing the minimum 
volume solution for a range of current densities, the arrangement needing the absolute 
minimum amount of power can be found. 
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The various features of novelty which characterize the invention are pointed out with 
particularity in the claims annexed to and forming a part of this disclosure. For a better 
understanding of the invention, its operating advantages and specific objects attained by its 
use, reference should be had to the accompanying drawings and descriptive matter in which 
there are illustrated and described the preferred embodiments of the invention. 

IC. BRIEF DESCRIPTION OF THE DRAWINGS 

Fig. 1 illustrates the domain D of the rz plane of a cylindrical coordinate system as 
explained below, where D may be freely chosen to satisfy any desired access and size 
limitations; 

Fig. 2 shows the domain D represented with a grid of Appoints; 

Figs. 3a shows the design of a Garrett [7] magnet using the Garrett scheme; 

Figs. 3b shows the design of a comparable magnet using the scheme of my invention 
which requires 9% less material; 

Fig. 4a shows that to determine a rectangular coil arrangement designed according to 
the invention, the domain D is partitioned in a manner patterned after the ideal solution; 

Fig. 4b shows the rectangular coil arrangement with a volume near the minimum 
when designed according to the invention; 

Fig. 5a shows the minimum power Was function of the current density magnitude J 0 
for a resistive magnet with characteristics similar to that of Fig. 3 a designed according to the 
invention; 

Fig. 5b shows a rectangular coil arrangement with a near minimal power consumption 
designed in accordance with the invention; 

Fig. 6 is a plot of minimum coil volume vs. J 0 for a superconducting magnet designed 
in accordance with the invention; 

Fig. 7a illustrates a coil design according to the invention of a superconducting 
magnet where J 0 = 1 2,000 A/cm 2 ; 

Fig. 7b shows that active shielding generated by the reversed current coils in 
accordance with the invention limits the 0.5 mT fringe field to a distance of 400 cm from the 
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magnet's center. 

ID. DETAILED DESCRIPTION OF THE PREFERRED EMBODIMENTS 
I will first define in Section n a statement of the problem in appropriate mathematical 
terms; I will next provide in Section III the mathematical background for one skilled in this 
art to understand my new method; I will then describe in Section IV my method for 
minimizing coil volume including various optional steps for certain purposes; I will then 
describe in Section V my method for minimizing power; next; I will describe in Sections VI 
and VII some examples and results in comparison with other proposed solutions and some 
remarks; and finish in Section VIII with some summarizing comments. Appendices A, B, and 
C follow, and finally the claims and Abstract. 
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II. STATEMENT OF PROBLEM 
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I define a system of cylindrical coordinates (r, z, <j>) that are related to a conventional 
z) rectangular system by 



x — r cos 0, 
y = r sin 0, 



a) 



z — z. 



Now consider an electromagnet that is rotationally symmetric with respect to the z axis. 
The magnet's current density is assumed to be oriented parallel to the <f> direction and is 
specified by a function J(r, z). The spatial extent of the current is restricted so that J(r, z) 
is allowed to be nonzero only on a specified domain D of the rz plane, which corresponds 
to the feasible volume for the coils (see Fig. 1). 

The magnetic field generated by the magnet is given by [3] 

fl r (r, z) = 2tt / r f dr f dz f G r (r, r', z - z f )J(r\ z% 
JD 

B z (r, z) = 2tt / r f dr f dz f G z (r, r', z - z f )J(r\ z% ( 2 ) 
B^(r,z) =0, 

where B r , B z and 5^ are the cylindrical components. The functions G r and <2 2 are defined 
by 

O r (r a ,r b ,z) = 



flQZ 



4-K 2 r a r b yj (r a + r b ) 2 + z 2 



~K(k) + , r " + r A? Z [i E(k) 



(r a -r b ) 2 + z r 



G z (r a ,r b ,z) 



K(k) 



rt + z z 



(r a - r b ) 2 + z 2 



E(k) 



(3) 



4ir 2 r b y/ (r a + r b ) 2 + z 2 
where (jlq = 4% x 10~ 7 T-m/A is the free space permeability, K(k) and E(k) are the 
complete elliptic integrals of the first and second kinds, and 



k = 



4r a r b 



(r a + r b ) 2 + z 2 
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I assume that the region with a high degree of field uniformity (the homogeneous 
volume) is centered on the z axis, as illustrated in Fig. 1. Within this region, as discussed 
by Xu et al [2], B r may be neglected, and it is therefore sufficient to impose constraints 
just on B z . For a set of target points, (r^, zj), j ~ 1, 2, . . . , M^, I demand 

(1 - e)B 0 < B 2 {r j , Zj ) < (1 + e)B 0 , (5) 

where Bq is the desired field strength. This condition implies that the peak-to-peak field 
variation at the target points is less than or equal to 2e. Typically, the target points are 
placed on the surface of the homogeneous volume; if enough equally-spaced target points 
are used, then the field variation within the homogeneous volume will also be less than 2e. 
In practice, e is usually in the range of 10~ 6 to 10 -4 , corresponding to uniformities of 2 
to 200 parts per million (ppm), and the necessary number of target points may vary 
from 5 to 50. 

Optionally, an additional set of Mf target points, (rj,Zj), j — M^+l, M^+2, . . . , 
Mf, may be employed to control the magnet's fringe field outside of the coils. At these 
points, I require 

-B r j < B r (rj,Zj) < B r j, 

(6) 

-B z j<B z (r jy Zj)<B zJ . 
For conventional active shielding, the target points would normally be chosen to lie on a 

surface outside of which the field should have a magnitude of less than 5 x 10~ 4 T (5 G). 

Values for B r j and B z j would then be selected so that 

A 2 / + B z,f « 5 x 10 " 4 T - (7) 

Adequate control of the fringe field can often be attained with 5 or fewer target points. 

Because B r and B z depend linearly on J, as indicated by Eq. (2), Eqs. (5) and (6) 
constitute a set of linear inequality constraints on J. In addition, I assume that throughout 
the domain D 

| J(r,z)\ = J 0 or 0, (8) 
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where Jq is given. This simply means that the current density of the coils must have a 
uniform, prescribed magnitude. 

The condition of Eq. (8) allows the volume V of the coils to be written 



The primary problem is to find J(r, z) so that V is minimized subject to the conditions of 
Eqs. (5), (6), and (8). I call this minimum volume solution the ideal current density. 

Implementation of an ideal current density would generally require a magnet with 
nonrectangular coils. Since this can make fabrication difficult, I have as a secondary 
problem the task of finding a solution that: satisfies conditions (5), (6), and (8); can be 
implemented with only rectangular coils; and has a volume close to that of the ideal current 
density. This can be formalized by dividing D into a set of K rectangular subregions D*., 
k = 1,2,...,^. Two sides of each subregion are oriented to be parallel to the z axis and 
extend, for the kth subregion, from z = Z a ^ to z — Z^. I then impose the auxiliary 



Equation (10) means that, within each subregion, J is independent of 2, which guarantees 
that the solution can be constructed with rectangular coils. In order to achieve a small 
coil volume, the subregions are patterned after the ideal solution, in a manner to be 
discussed. Usually, a relatively simple subdivision of D is sufficient to come within a few 
percent of the ideal minimum volume. 




(9) 



condition 




K. 



(10) 



III. MATHEMATICAL BACKGROUND 



The method for determining the current density J is founded on three principal math- 
ematical theorems. Here I state these theorems, leaving their proofs for Appendix A. 
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A. Theorem 1: Equivalent Form 

The problem of finding the ideal current density can be recast as the minimization of 
the quantity 

27T f 

V f = — / rdrdzU(r,z) (11) 
^0 JD 

subject to Eqs. (5), (6), and the conditions 

-<7(r, z) < J(r, z) < U(r, z), (12a) 
~jQ<J(r,z)< J 0 , (12b) 

with both the functions J and U being allowed to vary. The solution that minimizes V 9 
will always have U = \ J\ so that V 9 equals the minimum possible volume for the coils. The 
advantage of this form of my problem is that V 9 and all of the constraints depend linearly 
on U and J, which allows one to apply linear programming techniques [4,5]. 

I note that this formulation has some similarities to, but is not identical to, ones 
presented by Kitamura et al [1] and by Xu et al [2]. For instance, J is assumed to be 
nonnegative in Ref. 1, while the condition of Eq. (12b) is not utilized in Ref. 2. 

5. Theorem 2: Uniqueness 

The problem of minimizing the volume V, as defined by Eq. (9), subject to the condi- 
tions of Eqs. (5), (6), and (8) has at most one solution. Therefore the ideal current density 
(when it exists) is unique. 

C. Theorem 3: Minimization with Equality Constraints 

Consider minimizing the volume V, as defined by Eq. (9), subject to the condition of 
Eq. (8) and the M linear equality constraints 

2?r / rdrdzgj(r, z)J(r, z) = c jt for j = 1, 2, . . . , M, (13) 





where the cj axe a given set of constants and the gj are a set of given constraint functions. 



The solution is 




l^lWr,*)|' 



(14) 



provided values for the Xj are chosen so that Eq. (13) is satisfied. In Eq. (14), 0 is the 
Heaviside step function defined by 



This theorem shows how the minimization of V with equality constraints can be reduced 
to solving a system of nonlinear equations for the Xj. These equations are obtained (as is 
discussed below) by combining Eqs. (13) and (14). A somewhat related result has been 
previously derived by me for permanent magnet structures [6]. However, the equations 
and assumptions of that earlier development for a permanent magnet structure are not 
applicable to the electrical coil arrangements which can be designed using the methods 
and concepts of the present invention which are not disclosed in Ref. [6]. A useful corollary 
of the present invention is that a solution with Aq = 0 must have Jq equal to the smallest 
current density magnitude that is consistent with the conditions of Eqs. (8) and (13). 



To understand what follows, consider annexed Fig. 1, which is similar to Fig. 1 of 
Xu et al. In Fig. 1, the domain D is the region of an rz plane corresponding to the 
feasible volume of the imaging region (also referred to as the homogeneous volume). The 
arbitrarily shaped homogeneous volume is specified by a set of target points on the surface 
of the homogeneous volume. The current density J is restricted to the domain D of the 
rz plane. D may be freely chosen to satisfy any desired access and size limitations. The 
homogeneous volume is centered on the origin designated 10 and is fixed by imposing the 
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inequality constraints of Eq. (5) on the z component of the magnetic field for a set of M h 

target points. 

In order to calculate the ideal current density, I represent the domain D with a nu- 
merical grid of N points, as suggested by Fig. 2. For the initial steps of the calculation, 
a sparse grid with a small number of points is used. The number of points is increased 
for the final stages to obtain an accurate solution. Typically, the final grid will consist of 
several thousand points. 
A. Step 1: Linear Programming 

With the introduction of the numerical grid, the form of the problem given by Theo- 
rem 1 becomes a standard linear programming problem as described in Refs. 4 and 5. The 
functions J and U may be regarded as iV-dimensional vectors and the optimization prob- 
lem has 2N degrees of freedom. The total number of inequality constraints, corresponding 
to Eqs. (5), (6), and (12), is AN + 2M h + 4M/. 

A variety of algorithms have been proposed for solving linear programming problems, 
with the most popular being the simplex method [4,5]. All of these are usable in my 
invention, but I prefer to use a double precision version of a simplex method subroutine 
given in Ref. 5 and have found it to be effective when AT is a few hundred or less. For 
larger values of AT, three problems arise. First, the method requires sufficient memory for 
a matrix with approximately 8iV 2 elements or about 64iV 2 bytes . 0 n many computers, 
this limits N to no more than a few thousand. Second, if e is small, as is the case when 
the homogeneous region is required to have a high degree of uniformity, then numerical 
rounding errors become important. In practice, I have found that this often restricts N to 
be less than one thousand. Finally, the average computational time scales roughly as AT 3 , 
which again can make large values of N impractical. 

To be sure, these difficulties are to some extent algorithm dependent. In principle, both 
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the memory and rounding problems could be largely circumvented, but at the price of a 
longer computational time. However, no linear programming algorithm has been proposed 
with a computational time that, on average, grows substantially more slowly with N than 
the simplex method [4]. Thus, a straightforward application of linear programming to the 
determination of the ideal current density is likely to be limited to sparse grids. 

B. Step 2: Reformulation as Equality Constraint Problem 

In order to compute the current density on a denser grid, I first reformulate the prob- 
lem as one with equality, rather than inequality, constraints. The basic assumption is that 
the coarse-grained solution obtained with linear programming yields an adequate approx- 
imation for the field in the homogeneous volume and for the fringe field. 

Inside the homogeneous volume, I expand B z as 

B z (r,z) ^J2 a J^' lp 3-l( z /P^ ( 16 ) 

where p = Vr 2 + z 2 and Pj is a Legendre polynomial, and I expand the fringe field as 

N f 

B g (r,z) ^^bjp-^Pj+^z/p). (17) 

3=1 

The expansion coefficients, aj and fy, are calculated by using the linear programming 
solution with the number of terms, N h and Nf, being chosen to give a sufficiently accurate 
representation of the field. Often, N h < 20 and Nf < 5 are satisfactory. 

I could also expand B r in a similar fashion, but this is not necessary since B r is fully 
determined by B z , To see this, note that the vanishing of the divergence of the magnetic 
field implies 

l d[rB r (r,z)} = dB z (r,z) 

r dr dz 

This, together with the boundary condition B r (0, z) = 0, leads to 

«,.,-i^2«^. (19) 
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The determination of the current density can now be reduced to a minimization prob- 
lem with equality constraints of the type described in Theorem 3. Specifically, there are 
M = Nf l + Nj constraints of the form given by Eq. (13) with 

Cj=aj, for j = 1,2,..., N h , 

c (N h +j)= b j> for j = 1,2,..., N f , 

and 

00 j(j + 1) 1 



(20) 



(21) 



9{N h+j )(r, z) = £ ■ p> +1 [Pj-i(z/p) - P j+1 (z/p)] , for j = 1, 2, . . . , N f . 

The expressions for the gj may be derived with the help of Eqs. (2)- (4). 
C. Step 3: Nonlinear System 



Following Theorem 3, I seek a solution of the form of Eq. (14). This form is invariant 
under the transformation Xj — ► sXj, where s is any positive constant. This allows one to 
impose, without loss of generality, the normalization requirement 



M 
3=0 

Now define a set of M + 1 functions F m , m = 0, 1, . . . , M, so that 

M 

3=0 



(22) 



(23) 



and 



F m {\j) = Cm - 2-kJq J^rdrdz g m (r, z) 9 



M 

^\ jgj (r,z) 
3=1 



-A 0 



\EjLi^9j(r,z)\ 



. (24) 



for m = 1, 2, . . . , M. The conditions of Eqs. (13) and (22) may then be expressed as 



F m {Xj) = 0, for m = 0,1,..., M. 
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Therefore, the determination of the Aj, and hence the ideal current density J, has been 
reduced to the solution of a nonlinear system of M + 1 equations. 

There are a number of known standard numerical methods for solving equations of the 
form of Eq. (25) (See Ref. [5]). All of these can be used in accordance with my invention. 
However, for this particular problem, I have found an iterative approach, similar to one 
described in Ref. [6], to be especially effective. In order to employ this method, Eq. (25) 
must be recast into a different form. Let me define an (M + 1) x (M + 1) matrix 

^(Xj, S) = 2* £ f rdrdz- Wr,*)/l,,(r,z) (2g) 

^ JD [lEjloA 3 / J> (r,z)P + «2] ' 

for both m and I running from 0 to M. In Eq. (26), 6 is a small regularization parameter 
that keeps the denominator of the integrand from vanishing, and 

1 



(27) 



h,y.(r,z) = -, 

/m lM (r, z) = (-lf +1 i <? m (r, z), for m = 1, 2, . . . , M. 

Prom Eqs. (13), (14), (A16), (A19), and (A20), one can show that 

M 

Cm = J 0 lim S2A ml (\ j ,8)\ l , for m = 0,1,..., M. (28) 
1=0 

Here 

co = Jo(V 0 - V), (29) 
with Vq being the total feasible volume defined by 



= 2tt / rdrdz. (30) 

Jd 



Since it is invariant under the transformation Xj — > s\j, any solution to Eq. (28) can be 
normalized to satisfy Eq. (22). Normalized in this way, a solution to Eq. (28) will also be 
a solution to Eq. (25). 
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To solve Eq. (28), I compute a sequence of approximations A^ so that A^ — ► A ? - as 

3 3 J 

i — > oo. Given the zth approximation, the (i+ l)th approximation is found by first solving 
the system of M + 1 linear equations 

M 

Cm = JoY, A ml[><f,S]x\ i+l) (31) 
1=0 

to obtain a set of parameters A^ +1 ^. The parameter cq may be estimated by using the 
coarse-grained solution earlier computed from linear programming. The A^ +1 ^ are then 
renormalized to give 

Af'^^lAf 1 ', (32) 

where 



Mr. n2 ^" 1/2 



t(i+l) 
X 3 



(33) 



This renormalization simply guarantees that Eq. (22) is obeyed. An initial set of values 
for the Xj may be found by solving the equations 

M 

EW-* (34) 



1=0 



for the where 



2 

A ml = 27r E / Vdrdz f™^ r > Z )flA r > Z )' (35) 
fi=l JD 

The \^ are then found from Eq. (32) with i = 0. 

In carrying out this procedure, the regular izat ion parameter 6 should be chosen to be 
as small as permitted by the numerical precision. The use of double precision is advisable. 
I have found the method to have robust convergence properties with a good approximation 
often being found with no more than a few hundred iterations. (However, if 6 is too small, 
numerical round off errors may spoil convergence). To maximize efficiency, I usually first 
find a solution on a grid with a modest number of points, and then use this solution as the 
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initial approximation for a calculation on a dense grid. In this way, an accurate solution 
for the ideal current density can be constructed. 

As stated above, the parameter cq is determined from the approximate current density 
obtained with the linear programming and is therefore not exact. For this reason, the 
solution obtained by iterating Eqs. (31) and (32) may correspond to a Jq that differs 
slightly from the desired value. As follows from Eq. (28), the computed solution's Jo is 
given by 

M I MM 

J o= 0,71X771 / f 0 ^ S Yl A ™ l ( X j> 6 } XmX i- ( 36 ) 

m=0 / °~m=0l=0 

In practice, the difference between the desired Jq and the value obtained with Eq. (36) is 

frequently negligible. However, a simple one-dimensional search may be used to adjust co 

so that Eq. (36) is consistent, to an arbitrary degree of accuracy, with the desired Jq. 

The advantage of determining J by solving either Eq. (25) or Eq. (28), as compared to 
using linear programming, is that both the required memory and the computational time 
increase only linearly with the number of grid points N. This is because N enters only into 
the numerical evaluation of the integrals in Eqs. (24), (26), and (35). As a consequence, 
it is feasible to solve Eqs. (25) and (28) for dense grids consisting of many thousands of 
points. 

D. Step 4 : Rectangular Coils 

As previously discussed, to determine a current density that can be implemented with 
only rectangular coils, the domain D is divided into K rectangular subregions, and the 
auxiliary condition of Eq. (10) is imposed on J. Once the D k have been defined, Eq. (10) 
can be satisfied simply by replacing the gj in Eqs. (13), (14), (24), and (27) with 

9j(r, z) = f^dz'g^r, z f ) / (Z bjk - Z a%k ) , (r, z) e D k , k = 1, 2, . . . , K. (37) 

This follows from inspection of Eq. (14). The current density is then found by repeating. 
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Step 3, as described above. (A more detailed discussion of the imposition of auxiliary 
conditions is given in Ref. 6.) 

A direct calculation shows that when (r, z) lies in the fcth subregion the explicit ex- 
pressions of Eq. (21) should be replaced by 

9j( r > *) = £^ • [pl; k js j( Z b,k/Pb,k) ~ PaJSjiZ^/p^)] , for j = 1, 2, . . . , N h , 

9(N h+j )(r, z ) = ^- r -~iz k [ptk T j( Z b,k/Pb,k) ~ pit 2 Tj(Za,k/Pa,k)} , for j = 1, 2, . . . , N f , 

(38) 

where 

Pa } k = >Jr 2 + Z a ^ 

Pb,k = yjr 2 + Z hyh , (39) 
AZ k = Z bfk - Z a) jb, 

and 

Si(x) = x, 

Sj(x) = xPj-i - Pj-2(*)> for j > 1, (40) 

Tj(x) = xP i+ i - Pj + 2(z), for j > 0. 
The selection of the rectangular subregions D k is based on the solution obtained for the 
ideal current density. The part of D for which J ^ 0 is divided into a set of geometrically 
simple pieces. For each piece, I associate a subregion D k that contains the piece, while 
being as small as possible (with perhaps a slight margin). It should be emphasized that 
the D k must be aligned so that two of their sides are parallel to the z axis. The remaining 
portion of £>, not covered by the may be excluded from the integrals in Eqs. (24), 
(26), (30) and (35). In most cases, choosing a good subdivision of D is straightforward. 
An example is given in Sec. VI. 



V. MINIMIZATION OF POWER 



The basic optimization method I have described minimizes the coil volume for a pre- 
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scribed current density magnitude Jq. For this value of Jq, the minimum volume solution 
also minimizes the power consumption of a resistive electromagnet. To see this, note that 
the power consumption is given by 

W = — [ rdrdzJ 2 (r,z), (41) 
° JD 

where a is the conductivity. From Eqs. (8) and (9), I then find 

W = - J 0 V. (42) 

(7 

Thus, for a fixed Jq, minimizing the volume V is equivalent to minimizing W. However, 
for different values of Jq the optimal W may vary, and therefore to determine the true 
minimum power consumption, one must compute W for a range of Jq values. Typically, W 
as a function of Jq has a single minimum that may be computed with elementary numerical 
methods. 

VI. RESULTS AND EXAMPLES 

In order to illustrate the optimization method, I apply it to two different examples. 
First I compute the minimum volume coil arrangement for a magnet that is comparable to a 
design proposed in the seminal work Garrett [7]. In this paper, Garrett gives numerous coil 
arrangements that generate uniform fields. However, these arrangements are not optimized 
in any systematic manner. I choose one simple example and demonstrate how my method 
can lead to an arrangement with the same external geometry, current density magnitude, 
field strength and homogeneous volume, but with a significantly smaller coil volume. I 
also consider varying the current density magnitude and show how to minimize the power 
consumption for resistive coils. As a second example, I minimize the coil volume for a 
magnet similar to conventional actively shielded superconducting magnets used for whole- 
body MRL 
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The arrangements considered are all symmetrical with respect to the z — 0 plane. As 
a consequence, the expansion coefficients, aj and fy, vanish automatically for even j. The 
constraints corresponding to these even order coefficients may then be excluded from the 
nonlinear system, and all the Xj with even j, except Aq, must be zero. While this symmetry 
simplifies the calculation of the ideal current density, it should emphasized that it is not a 
requirement for the application of my method. 

A. Comparison with a Garrett Magnet 

Figure 3a shows a three coil arrangement 12, 14, 16, taken from Fig. 3 and Table 
XVI of the work of Garrett [7]. The total length of the magnet is 2.8839 Zo, the inner 
radius is 0.75 Iq, and the outer radius is 1.25 Zq, where Iq is an arbitrary length scale. 
The total volume of the coils is V = 5.08 Zjj. The magnitude of the current density is 
Jq = 4.9086 Bq/^xqIq), where Bq is the desired field strength, and the current flows in 
the same direction in all of the coils. The homogeneous volume with a 20 ppm peak-to- 
peak field variation is approximately an oblate spheroid with major and minor semiaxes 
of 0.42 Iq and 0.36 Iq. The coil arrangement is designed to cancel the harmonics of Eq. (16) 
for 2 < j < 8. 

The comparable coil arrangement 12', 14', 16' found by applying steps 1-3 of the 
optimization method is shown in Fig. 3b. In order to match the external geometry of the 
Garrett design, the domain D is chosen to be the rectangular region defined by 0.75 Iq < 
r < 1.25 Iq and -1.44195 Iq < z < 1.44195 Iq. The current density magnitude and field 
strength are also chosen to be the same as for the Garrett magnet. For step 1 (linear 
programming), the number of target points for the homogeneous volume is = 37, and 
N = 41 x 21 = 861, where N is the total number of points in the numerical grid; for 
step 2 (equality constraints), the number of harmonics is = 13; and for step 3 (the 
determination of the Aj) N = 401 x 101 = 40,501. Using the Aj, the ideal solution of 
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Fig. 3b is found from Eqs. (14) and (21). The total length, inner radius, and homogeneous 
volume are the same as for the Garrett magnet of Fig. 3a. However, the total volume of 
the coils is reduced to V = 4.61 Zq, which is a savings of 9%. In addition, the outer radius 
is reduced to 1.17 Iq. As with the Garrett solution, the current is unidirectional. 

To obtain a design with rectangular coils, I follow step 4 of the optimization procedure 
and partition the domain D as indicated in Fig. 4a by the 13 rectangles shown. This 
leads to the coil arrangement shown in Fig. 4b 20-40. In order to obtain a high degree of 
accuracy, I used N = 70, 000. The volume of the coils is V = 4.62 Zjj, which is only slightly 
larger than that of the ideal solution. The design of Fig. 4b consists of 13 coils. Each coil 
may be specified by giving the coordinates of the point lying nearest to the origin, (r m , Z[ n ), 
and the coordinates of the point lying farthest from the origin, (r ou t)^out)- These values 
are listed in Table I of Appendix C for the coils that lie in the positive z half-plane. 

Since the magnitude of the current density Jq is the same for both designs, the ar- 
rangement of Fig. 3b, assuming the coils are resistive, requires 9% less power than the 
Garrett solution. If Jq is allowed to vary, the power consumption can be further re- 
duced. Figure 5a gives the power consumption for the ideal current density as a function 
of Jq. (For Jq < 3.5 Bq/(^qIq) there is no solution.) The minimum power occurs for 
Jo = 3.79#o/(/Vo)- This solution has a volume of V = 6.70 Iq and uses 21% less power 
than the Garrett solution. A rectangular coil design 50-84 patterned after the minimum 
power solution is shown in Fig. 5b. The current density magnitude has the same value of 
Jo = 3.79£?o/(/xo£o)) while the volume and power consumption are about 1% greater. In 
two of the coils, the direction of the current is reversed indicated by the minus symbol. 
The dimensions of the coils are indicated in Table II. 

B. Actively Shielded Superconducting Magnet 

I now consider optimizing a magnet 110 with an inner radius of 50 cm, an outer radius 
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of 75 cm, and a total length of 125 cm as shown by the rectangle of Fig. 7b. I set Bq = 1.0 
T and require the homogeneous volume to have a diameter of 45 cm with a peak-to-peak 
field variation of less than 20 ppm. The magnitude of the fringe field 112 is restricted to be 
less than 0.5 mT (5 G) for distances greater than 400 cm from the center of magnet. These 
specifications are typical for a compact superconducting magnet designed for medical MRI 
[8]. 

In Fig. 6, the minimum coil volume V is plotted as a function of the current density 
magnitude Jo; for Jq < 4000 A/cm 2 , no solution is possible. A near-ideal solution with 
rectangular coils 85-106 and Jq = 12,000 A/cm 2 is shown in Fig. 7a. Step 1 of the 
calculation used M h = 37 and Mf = 2; steps 3 and 4 used N h = 17 and Nf = 5. The coil 
volume is 0.152 m 3 , which is about 7% above the minimum value. The coil parameters are 
listed in Table III. 

VII. REMARKS 

I have given a systematic method for efficiently and accurately determining minimum 
volume coil arrangements. The method uses linear programming to obtain a coarse-grained 
solution and then refines this solution by solving a nonlinear system of equations. A key 
feature of the method is that it always yields the global minimum. I have also shown that 
the method can be adapted to the minimization of the power consumption of resistive 
magnets. 

A limitation of the method is that it assumes a linear relationship between the current 
density and the magnetic field, which excludes magnets containing material with nonlinear 
magnetic properties. In addition, it does not allow one to include constraints on the 
mechanical stresses, which may be important for high field magnets, since stresses depend 
nonlinearly on the current density. 
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As I have shown, minimum volume coil arrangements can, in principle, be determined 
just by employing linear programming techniques. The motivation for introducing the 
nonlinear system of equations is that standard linear programming algorithms become 
impractical for dense numerical grids. A possible alternative to solving the nonlinear 
system would be to use linear programming in combination with an adaptive grid in order 
to reduce the required number of grid points. 
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VIII. SUMMARY 

The core of the invention is that an electromagnet coil arrangement obtained by solving 
Eq. (25) for the Xj and using these computed values in Eq. (14) to determine the current 
density J will require a smaller volume of material (wire) than any other arrangement that 
satisfies the same prescribed conditions. The prescribed conditions are: 1) the coils must 
have a homogeneous current density magnitude, Jq, as dictated by Eq. (8); 2) the coils 
are restricted to lie within the feasible volume as fixed by the domain D; 3) the selected 
M harmonic coefficients, Cm, of the magnetic field generated by the coils must have fixed 
values, (ci = Bq> the desired field strength in the imaging region). 

Associated with every harmonic is a function gj(r,z), which is related to the current 
density and the harmonic coefficients through Eq. (13). The precise form of the gj{r : z) 
depends on the type of harmonics chosen to expand the magnetic field. The most common 
choice is spherical harmonics, which corresponds to the expansions of Eqs. (16) and (17). 
For this case, the gj(r,z) are given by Eq. (21). However, the invention can also be 
utilized with other types of harmonics, including spheroidal and ellipsoidal; the only change 
required is the replacement of Eq. (21) with expressions that are readily derivable by one 
skilled in the art. 

The harmonic coefficients Cm may be fixed in one of two ways. The simplest and 
most conventional procedure is to set all the harmonic coefficients to zero, except c\ which 
represents the field strength Bq. This approach, referred to as harmonic cancellation, 
allows for an adequate control of the field uniformity in the imaging region and, if desired, 
the fringe field. A second method, which is the preferred embodiment of the invention, is 
to choose a set of target points some of which lie on the surface of the imaging region, as 
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suggested by Fig. 1, and optionally, some of which lie outside the coils in the fringe field 
region. At these points, a set of inequality constraints are applied to the field as indicated 
by Eqs. (5) and (6). One then applies linear programming, as has been described, to obtain 
a coarse-grained solution for the current density subject to the conditions of Eqs. (5), 
(6), and (12). By coarse-grained, it is meant that the numerical grid representing the 
domain D has a relatively small number of points (less than about one thousand). (It 
should be emphasized the target points and grid points are distinct and have no particular 
relationship.) Note that the harmonics do not enter at all into the computation of the 
coarse-grained solution. However, once the coarse-grained solution has been found, it can 
be used together with Eq. (2) to calculate the magnetic field. From the magnetic field, 
□ the harmonic coefficients may be determined by standard and well-known mathematical 

\j procedures. The advantage of this approach, as compared to harmonic cancellation, is 

yj 

Hi that the shape of the imaging region and the fringe field can be much more precisely fixed. 

bl 

f|j Linear programming is not used to find a detailed form for the current density, because this 

rii 

„ technique becomes impractical if the domain D is represented with a dense grid consisting 

m of many thousands of points. 

^ Once the harmonic coefficients are fixed, then the system of nonlinear equations de- 

•si r 

£1 scribed by Eq. (25) may be solved for the Xj by utilizing one of several standard numerical 
methods. One method has been described above, and others are discussed in Ref. 5. In 
order to obtain an accurate solution, the domain D is represented with a dense grid. Typ- 
ically, the number of grid points will be a least several thousand and often many tens of 
thousands. This is the central step of the numerical procedure and requires the largest 
amount of computational time. A key advantage of solving Eq. (25) is that the compu- 
tational time grows only linearly with the number of grid points, which makes the use of 
dense grids feasible. 

After Eq. (25) has been solved for the Xj, the coils corresponding to the ideal solu- 
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tion for the current density, which minimizes the volume, axe easily obtained by utilizing 
Eq. (14) to make a plot of J(r, z). The number of coils and their shapes are fully determined 
by the mathematical procedure rather being given a priori. 

In order to simplify fabrication, it is sometimes desirable to have coils with rectangular 
cross-sections. When this is the case, one partitions the domain D in manner patterned 
after the ideal solution. One then solves Eq. (25) once again, but with the functions gj(r, z) 
replaced by the functions gj(r, z) as defined by Eq. (37). The solution obtained will require 
only slightly more material than the ideal current density. 

For resistive magnets, one may wish to minimize the power consumption, rather than 

the volume, of the coils. To accomplish this, the ideal minimum volume solution is corn- 
CD 

j]| puted for a range of current density magnitudes Jq and the total power consumption W is 

i s j calculated for each solution with the aid of Eq. (42). Provided a sufficiently broad range 

111 

of current density magnitudes is selected, the solution with the smallest value of W will 

ill 

1=1 1 require less power than any other coil arrangement that satisfies the same basic conditions. 

| 5iL _ These conditions axe: 1) the coils must have a homogeneous current density magnitude, as 

ill 

J.,, dictated by Eq. (8), but Jq need not be prescribed; 2) the coils are restricted to he within 

! ;» f 
\] 

|M j the feasible volume as fixed by the domain £); 3) the selected M harmonic coefficients, Cm, 
ls " of the magnetic field generated by the coils must have fixed values. 

The preferred method of the invention is reformulated below in the following sequence 
of steps: 

I. Select feasible volume for the coils. 
II. Select desired current density magnitude for the coils. 

III. Select desired magnetic field level for the imaging region. 

IV. Select the harmonics to be canceled for the imaging region or select target points 
about the imaging region. 
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V. (Optional, if reduction in the fringe field is desired.) Select the harmonics to be 
canceled for the fringe field region or select target points in the fringe field region. 

VI. If target points are used, apply linear programming with the constraints of Eqs. (5), 
(6), and (12) in order to compute a coarse-grained solution for the current density. 
Prom this solution determine values for the harmonic coefficients. 

VII. Compute the solution to the master Eq. (25) for a set of parameters \j. 

VIII. Substitute solution for the Xj into the standard form as per Eq. (14) to give the 
ideal current density. 

IX. (Optional, if rectangular coils are desired.) Partition the domain D into rectangular 
subregions. Replace the functions gj(r,z) with ~§j{r,z) as defined by Eq. (37). 
Repeat steps VII and VIII. 

X. (Optional, if power minimization is desired.) Repeat steps I- VIII for a range of 
current density magnitudes. Compute power consumption for each case. The one 
with the minimum power corresponds to the best current density. If desired, repeat 
step IX to obtain rectangular coils. 
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In computing the solution to Eq. (25), the various variables and constants include the 
following (the underline (_) signifies that the next following character(s) are subscripts to the 
preceding character): 

M = number of harmonics selected (controlled), including the fundamental and the fringe field 



lambda J = a set of M+l parameters that determine the ideal current density configuration for 
the coil arrangement as set forth in Eq. (14); 
J O = the desired current density magnitude; 
c jn = set of M desired values for the harmonics; 

c_l = is the field level at the center of the region of interest; for harmonic cancellation, the 
c m are zero for m > 1 ; 

r = the radial coordinate of a cylindrical coordinate system having (r, z, <p) coordinates; 
z = the axial coordinate of the cylindrical coordinate system; 

D = the region of an rz plane corresponding to the feasible volume of the imaging region; 
Theta() = the standard mathematical step function defined by Eq. (15); 
gj() = constraint functions that depend on the choice of the type of harmonics to be 
cancelled (e.g., spherical, ellipsoidal, etc.). For spherical harmonics, they are given by Eq. 



P J0 = the standard mathematical Legendre polynomials (in Eq. (21)); 
mu_0 = the magnetic permeability of free space (in Eq. (21)); 

The results described above were obtained with a conventional PC system using a 400 
MHz processor and a software package that was the equivalent of common math programs 



to arrive at Fig. 3b. 

It will also be appreciated that there are many known computer techniques to 
compute solutions to equations involving many iterations before the roots representing the 
solution are obtained. For more details, the reader is referred to the references cited in 



harmonics; 



(21). 



available commercially. The processing times were approximately 60 minutes for all the steps 
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Appendix B and the references referred to in those publications that show other schemes to 
implement such known computer techniques. 

While the invention has been described in connection with preferred embodiments, it 
will be understood that modifications thereof within the principles outlined above will be 
evident to those skilled in the art and thus the invention is not limited to the preferred 
embodiments but is intended to encompass such modifications. 
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APPENDIX A 

Here I sketch the proofs of Theorems 1-3. 

A. Proof of Theorem 1 

Consider the minimization problem defined in Sec. IIIA. Since U is constrained only 
by the condition of Eq. (12a), the solution with the minimum volume V 9 will always have 
U = | J|. Therefore this minimization problem is equivalent to minimizing V as given by 
Eq. (9) subject to the conditions of Eqs. (5), (6), and (12b). This shows that to verify 
Theorem 1, 1 need only demonstrate that the condition of Eq. (12b) may be replaced with 
the condition of Eq. (8). 

To do this, I first reformulate Eqs. (5) and (6). Define 
df = (l±e)B 0 , for 1< j<M h , 

df = ±B zJ , for M h + l<j<M h + M f9 (Al) 



df = ±B rJ , for M h + M f + 1 < j < M h + 2M f , 



and 



(A2) 



hj (r, z) = G z (rj , r, zj -z), for 1 < j < M h + M f , 

hj{r, z) = G r (rj,r, Zj - z), for M h + M f + 1 < j < M h + 2M f . 
With the help of Eq. (2), the conditions of Eqs. (5) and (6) may be then be expressed as 



dj < 2?r / rdrdz hj(r, z)J(r, z) < df, for 1 < j < M h + 2M f . (A3) 

Now suppose I have a solution for J that minimizes V while satisfying Eqs. (12b) and 
(A3). I may then divide the domain D into two regions, D a and so that Eq. (8) is 
satisfied in D a and violated in D^. Consider shifting J to J f — J + 5J, where 6J is an 
arbitrary infinitesimal variation with the properties 

6J(r,z) = Q, i{{r,z)eD a , (A4) 
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and 



I rdrdz hj(r, z)8J(r, z) = 0, for 1 < j < M h + 2M/. (A5) 
From Eq. (9), the change in V is seen to be 

6V = 2 JL f rdrdz -^\-8J(r, z). (A6) 
Jo JD b V(r,z)\ 

Because of Eqs. (A4) and (A5), J' also satisfies Eqs. (12b) and (A3). Since by assumption 
J minimizes V, I must have 

8V > 0. (A7) 

However, as follows from Eqs. (A4) and (A5), if 8 J is an allowed variation, then so is —8 J. 
Because 8V is linear in 8J, Eq. (A7) can hold only if 

6V = 0. (A8) 

There are only two ways of satisfying Eq. (A8) for all allowed 8 J. Either the volume 
associated with is zero or, as follows from Eq. (A5), 

M k +2M f 



J(r, z) 



= a 3 h j( r > z )> ( A9 ) 



1^,^)1 j=1 

for a set of points in of nonzero measure with the coefficients ctj not all being zero. 
Equation (A9) leads to 

1= ( E <*3 h A r >z)j - (A10) 

The function on the right side of Eq. (AlO) is analytic in the variable z. A standard 
theorem of analytic functions then indicates that if Eq. (AlO) holds for a dense set of z 
values, then it must hold for all z values [9]. However, with the aid of Eqs. (3), (4), and 
(A2), one can show that the right side of Eq. (AlO) vanishes as z — ► oo. I then conclude 
that Eq. (AlO), and hence Eq. (A9), cannot be satisfied on a dense set of points, and 
therefore the volume associated with must be zero. Prom this it follows that D a = D 
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(except possibly for a set points of zero measure) and that the condition of Eq. (12b) may- 
be replaced with the stricter condition of Eq. (8). 

B. Proof of Theorem 2 

As discussed above, the ideal current density may be found by minimizing the volume 
V given by Eq. (9) subject to the conditions of Eqs. (12b) and (A3). Now suppose I have 
two current densities J\ and J 2y both of which yield the minimum possible volume and 
obey Eqs. (12b) and (A3). Since they are linear, Eqs. (12b) and (A3) are also satisfied by 
J3 = (J\ + ^2)/2. Because J\ and J 2 are both minimum volume solutions, Eq. (9) implies 

Jjdrdz\Js{r,z)\ >± J rdrdz [| Ji(r,z)| + | J 2 (r,z)\] . (All) 

,nj This may be rewritten as 

/ rdrdz I Jx(r, z) + J 2 (r, z)\> [ rdrdz [| J x (r, z)\ + | J 2 (r, z)\] . (A12) 
JD JD 

For any two number x\ and I have \x\ + x 2 \ < \x\ \ + \x2\. Therefore, 

Hj / rdrdz I Ji(r, z) + J 2 (r, z)\ < rdrdz [\Mr, z)\ + \J 2 (r, z)\) . (A13) 

; JD JD 

For both Eqs. (A12) and (A13) to hold requires that 

/ rdrdz |Ji(r, z) + J 2 (r, z)\ = [ rdrdz [\ Ji(r, z)\ + \J 2 (r, z)\) , (A14) 
JD JD 



Ml 
'•I 
Li I 

ill 

111 



ill 
Q 

6 

!") from which it follows that J3 is also a minimum volume solution. From the condition of 
Eq. (8), I then find that 

\Jl{r,z)\ = Jq or 0, 

\Mr,z)\ = Jo or 0, (A15) 

\Jl(r,z) + J 2 (r,z)\ = 2J 0 OT0. 
Equation (A15) can be satisfied if and only if | Ji| = | J 2 \. 

Now divide D into three parts, Do, D+ and D-, so that J\ J 2 = 0 in Dq, J\J 2 = Jq 2 
in D+, and J\J 2 = — Jq in D-. From Eq. (A14), one may then show that 

2J 0 I rdrdz = 0, (A16) 
JD- 
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which implies that the volume associated with D_ is zero. I then conclude that J\ = J2 
and hence that the ideal current density is unique. 

C. Proof of Theorem 3 

Any function J that satisfies Eq. (8) can be uniquely decomposed as 

J(r, z) = \ [J + (r, z) - J~(r, z)} , (A16) 

where J + and J~ have the properties 

\J + (r,z)\ = \J-(r,z)\ = J 0 (A17) 

and 

J + (r, z) = J~(r, z) = J 0 , whenever J+(r, z) ■ J~(r, z) > 0. (A18) 

One may demonstrate that 

2tt / rdrdz [j + (r, z) + J~(r, z)] = 2J 0 (V Q - V), (A19) 

J D 

where Vq is the total feasible volume defined by Eq. (30). When the current density has 



the form of Eq. (14), I have the explicit expression 

J± { r,z) = J 0 X0±Z ^ Xjg ^ Z) 



Ao±E£iA^(r,z) 



(A20) 



where it is assumed that Aq > 0. 



Now consider two current densities, J\ and Ji- Both satisfy the conditions of Eqs. (8) 
and (13), but require amounts of superconducting material, V\ and V^, that are not nec- 
essarily equal. I also assume J\ has the form of Eq. (14). By using Eqs. (13), (14), (A16), 
(A19) and (A20), one may show that 

2tt / rdrdz \w + {r, z)J+(r, z) [j}{r, z) - J+(r, z)] 

Jd 1 (A21) 
+ w~(r, z)J-{r, z) [J 2 -(r, z) - Jf(r, z)] } = 2A 0 jg(Vi - V 2 ), 
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where 



The identity 



w ± (r, z) = 



M 



X 0 ± ^2 X j9j(r, z) 



(A22) 



[4(r,z) - J±(r,z)f = -2jf(r,z) [j±(r,z) - J?(r,z)] , 



(A23) 



(A24) 



may be verified with the help of Eq. (A17). Combining Eqs. (A21) and (A23) yields 
V 2 - V X = Jjdrdz [w + (r, z) [j+(r, z) - J+(r, z)f 

+ w~(r,z) [J2 (r, z) - Jf (r, z)] 2 } . 

Since w + and w~ are both nonnegative, Eq. (A24) demonstrates that V2 > V\, provided 
Ao ^ 0. Therefore, any current density of the form of Eq. (14) that obeys the constraints 
of Eq. (13) yields the minimum possible volume for the coils. 



The case with Aq = 0 requires special treatment. For this value of Aq, Eq. (14) reduces 



to 



J(r, z) = J 0 



(A25) 



which implies that the current density is nonzero throughout D and that V takes on the 
maximum allowed value of Vq. Now let J\ and J2 be two current densities that both satisfy 
Eqs. (8) and (13), but with current densities, Jo and Jq, that are not necessarily the same. 
If Ji has the form (A25), then from Eq. (13) one can show 



27r / rdrdzw(r, z) Ji(r, z) [J2(r, z) - Ji(r, z)] = 0, 
JD 



where 



w(r, z) ~ 



M 

^A^(r, z) 



(A26) 



(A27) 



Equation (A26) implies 
Jjdrdz w(r, z) [| J 2 (r, z)\ 2 - \ Ji(r, z)| 2 ] = J^rdrdzw(r, z) [J 2 (r, z) - J x {r, z)] 2 . (A28) 
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As w > 0, Eq. (A28) can be obeyed only if Jq > Jq. Therefore, the solution of the form 
of Eq. (14) with Aq = 0 yields a lower bound on the possible values of the current density 
magnitude. 
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TABLE I 



Coil 


Ref.#s 




Wo 




^out/to 


1 


29 


0.76388 


0.000000 


0.93284 


0.028839 


2 


28,30 


0.75000 


0.028839 


0.93936 


0.173034 


3 


27,32 


0.78625 


0.173034 


0.97950 


0.302810 


4 


26,34 


0.75000 


0.302810 


1.01034 


0.533522 


5 


24,36 


0.84988 


0.533522 


0.96372 


0.576780 


6 


22,38 


0.83395 


0.692136 


1.04975 


0.764234 


7 


20,40 


0.75000 


0.764234 


1.13520 


1.441950 




• * 



TABLE II 



a 


Coil 


Ref.#s 




W*0 


^out/to 


2outAo 


4) 


1 


66 


0.779282 


0.000000 


0.975656 


0.057678 


'■J 


2 


65,70 


0.750000 


0.057678 


0.864906 


0.173034 


lil 


3 


64,68 


0.903295 


0.057678 


0.980599 


0.173034 


111 
L.J 


4 


62,72 


0.843715 


0.173034 


1.100900 


0.317229 


m • 


5 


60,74 


0.750000 


0.317229 


1.137249 


0.490263 


Hi 


6 


56,76 


1.038761 


0.490263 


1.132065 


0.576780 


U 


7* 


58,80 


0.750000 


0.576780 


0.805958 


0.692136 


ill 


8 


54,78 


1.032825 


0.576780 


1.244227 


0.692136 


n 


9 


52,87 


0.825623 


0.692136 


1.250000 


0.807492 


w 


10 


50,84 


0.750000 


0.807492 


1.250000 


1.441950 



- 11- 



TABLE I'll 



Coil 


Ref.#s 


r in (cm) 


%i (cm) 


r ou t (cm) 


2 ou t (cm) 


1 


92,93 


50.02110 


3.2000 


51.99120 


7.6000 


2 


91,94 


50.00000 


7.6000 


53.26395 


12.0000 


3 


90,95 


50.00000 


21.4000 


52.88210 


25.4000 


4 


89,96 


50.00000 


25.4000 


55.58195 


27.8000 


5 


88,97 


50.00000 


27.8000 


52.54305 


32.6000 


6 


87,98 


50.00000 


52.5000 


55.31125 


55.5000 


7 


86,99 


50.10855 


55.5000 


56.57000 


59.0000 


■ 8 


85,100 


50.05885 


59.0000 


59.80405 


62.5000 


9* 


103,104 


71.00000 


12.5000 


72.27680 


32.5000 


10* 


102,105 


71.05000 


32.5000 


73.92415 


40.5000 


11* 


101,106 


74.03320 


40.5000 


75.00000 


62.5000 



